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Maximal Intersecting Families 
AARO~ IVIE'~Rowrrz 
We study maximum eardinality families of pairwise intersecting subsets of an n-set. We give 
some general results on the collection of all such families for a fixed set and introduce a useful 
operation of switching which allows us to transform any one such family to another. We use 
this operation to determine all possibilities for n = 6, and to answer two open questions on 
families which are regular (as hypergraphs). Although there are no regular maximal 
intersecting families for n = 2, 4, 8 there are for all larger powers of two. We also determine 
sharp bounds for the largest size of a regular maximal intersecting family with a member of 
size a. 
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1. INTRODUCTION 
A family ~ of subsets of an n-set X is called intersecting if every two members have 
non-empty intersection. It is easy to show that an intersecting family can have at most 
2 "-1 members. When one does, it is called a maximal intersecting family. These have 
been studied for their own sake, in considering threshold (weighted majority rule) logic 
gates [9] and in connection with fair rules for winning coalitions in multiplayer games 
[4-6]. They are shown in [8] to be the basis for classifying intersecting families of 
cardinality 1~']/2 in arbitrary hereditary hypergraphs ~. A family ,~ is regular if the 
number of members containing an element x is a constant; and ~: is transitive if it is 
invariant under a transitive group of permutations of X. 
In Section 2, we introduce a very useful concept of switching which allows the 
collection of all maximal intersecting families of X to be studied. We use switching in 
Section 3 to determine all such families (up to isomorphism) for n = 6 and prove 
several results about the collection for arbitrary n. In Section 4 we discuss threshold 
functions and give results for n = 6. In Sections 5 and 6 we solve two open problems by 
showing that there is a regular maximal intersecting family in case n = 2" with a I> 4 and 
giving a sharp bound on how large n can be if there is a regular maximal intersecting 
family with a member of size a. In these two problems we are able to start with a nearly 
regular family and by switching transform it to a regular family. 
2. BASIC RESULTS 
In the following, X denotes a set of size n and ~: a family of subsets of X. ~ is an 
intersecting family if no two of its members are disjoint and a maximal intersecting 
family if no ~ '  ~ ~ is  an intersecting family. For x a X, the degree o fx  in ~, d~(x) (or 
d(x) if ~ is understood) is the number of members of ~ containing x. ~ is regular if 
d(x) is constant. The group of permutations of X under which ~ is  invariant is denoted 
by AUT(~).  ~ is  transitive if AUT(~)  is transitive on X. Obviously, transitivity implies 
regularity, but the converse does not hold. 
LEMMA 2.1. Let ~ be an intersecting family of subsets of X. Then the following are 
equivalent: 
(i) ~; is a maximal intersecting family; 
(ii) I~] = 2"-1; 
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(iii) 4 contains one of each pair of complementary subsets of  X. 
PROOF. Clearly, no intersecting family can contain both a subset and its comple- 
ment, so the last two conditions are equivalent and either implies the first. To see that 
the first implies the last, suppose the contrary, that 4 contains neither Y nor X\Y for 
some Y_  X, yet neither 4LI {Y} nor 4U {X\Y} is an intersecting family. Then there 
are A and B in 4 with A tq Y = B tq (X\Y)= 0.  This implies that A ~ (X\Y) and 
B _~ (Y), but then A and B are disjoint, a contradiction. [] 
COROLLARY 2.2. "Every maximal intersecting family is an upset, Le. is closed under 
taking supersets. 
PROOF. If 4 is a maximal intersecting family, A ~ 4, and B = A, then A is disjoint 
from X\B so B ~ ~ [] 
Call A e o~ a minimal member if it is not a superset of any other member. Then, by 
Corollary 2.2, a maximal intersecting family 4 is uniquely determined by specifying its 
set of minimal members and X. This antichain is generally much smaller that 4 itself. 
Erdtis and Hindman [3] note that, indeed, we need only the (antichain of) minimal 
members which do not contain some one element. They use this to obtain a 
hyper-exponential lower bound for the number of maximal intersecting families of 
subsets of a size n set. The log to the base 2 of this number is asymptotic to the middle 
binomial coefficient on n - 1 elements. 
In some very weak sense, Lemma 2.1 characterizes the maximal intersecting families 
of subsets of X, but the problem of satisfactorily characterizing (up to isomorphism) all 
maximal intersecting family of subsets of X seems far from solved. Indeed, the result 
quoted above may make a characterization seem unlikely. The following simple result 
proves very useful for this and other problems. 
LEMMA 2.3. I f  ~ is a maximal intersecting family and A is a minimal member of 4, 
then 4\{A} U {X\A}, the family obtained by switching A with its complement, is also a 
maximal intersecting family. If  4and 4 '  are two maximal intersecting families of subsets 
of X, then ~ can be transformed to 4 '  by 14\4'] such switches, but no fewer. 
PROOF. By Lemma 2.1, all we need show for the first result is that the new family is 
an intersecting family. The only way it can fail to be is for 4\{A} to contain a member 
disjoint from XXA = this member would be a proper subset of A. The last claim is clear 
by induction on 14\4'1 > 0 if we note that there must be a minimal member of 4which 
is not in 4 '  and that the complementary set is in 4 ' .  I--1 
3. THE COLLECTION OF MAXIMAL INTERSECTING FAMILIES OF AN n-SET 
In this section we use the following conventions: a,b, c , . . .  are elements of X, and a 
subset of X is denoted by the word consisting of its elements (say, in alphabetic order). 
If 4 is a maximal intersecting family of subsets of X and ~ is its set of minimal 
members, then we sometimes use [~; X] to denote ~. Thus when X = {a, b, c, d, e}, 
[{ab, ac, bc}; X] denotes the family of the 16 subsets of X which contain at least two of 
the elements a, b and c. By Lemma 2.1, this is a maximal intersecting family. We let 
permutations in SYM(X) act on families of subsets in the obvious way. We say that two 
maximal intersecting families are isomorphic if some permutation maps one to the 
other. 
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It is natural to define a graph the vertices of which are (labeled by) the maximal 
intersecting families of subsets of X, with two joined by an edge if either can be 
transformed to the other by a switch as defined in Lemma 2.3. Then the lemma says 
that this graph is connected and gives an easy way to determine distances in it. This 
graph is bipartite since the parity of d(a) changes with each switch. A depth first (ol; 
other) search can be used to construct he graph (and find all maximal intersecting 
families) in time proportional to its number of edges by starting with one maximal 
intersecting family, say [{a}; X], and trying all switches of minimal members of families. 
Note that in performing a switch, an unswitched member which was minimal may cease 
to be so, or vice versa. With proper attention to underlying symmetries, one can 
construct a connected subgraph with each isomorphism type represented (only switch 
one member of each orbit of minimal members of ;~). The result of carrying out this 
process for n = 6 is displayed in Figure 1. This figure can be considered to be a proof of 
the following: 
PROPOSITION 3.1. There are exactly 30 isomorphism classes of maximal intersecting 
families of subsets of a set of size 6. [] 
There is further information in the diagram, as discussed below. In this diagram each 
family is represented by its minimal members. Minimal members in the same orbit of 
AUT(~) are grouped together. The 7 boxes with heavy borders correspond to the 
maximal intersecting families [M, (a, b, c, d, e, f}] such that [M, {a, b, c, d, e}] is one of 
the 7 maximal intersecting families of subsets of (a, b, c, d, e}. The families J1 and J l '  
are isomorphic and exchanged by the permutation (bd). Similarly, K2 and K2' are 
exchanged by (ae)(cd). All the other families represent distinct automorphism classes. 
Examination of this graph leads to the following observations, the .proofs of which 
(arguably simpler than their statements) are left to the interested reader: 
(1) If z e X, Z =XU{z} and ~= [M;X] is a maximal intersecting family, as is 
x]: 
(i) ~r, = [~t; Z] is a maximal intersecting family, as is qd' = [~; Z]. 
(ii) d(~:', (~')= 2d(,~, ~). 
(iii) Let ~ '  = [~; Z], where c¢ consists of all the sets in ~t U ~ with z added to each 
one along with the sets in ~tN ~. Then ~" is a maximal intersecting family and 
d(~',  ~ ' )= d(~t', ~ ' )= d(~, ~). 
(2) If A and B are minimal members of ~, then B is minimal in ~ = ~\A  U (X\A) iff 
A U B ~ X iff A is minimal in ~j = ~\B  U (X\B). In this ease, ~I\B U (X\B) = ~kA U 
(X\A). 
(3) If a ~ A ~ ~t and ~: = [~t; X] is a maximal intersecting family, then there is an 
A' e M with A n A' = {a}. 
The case d(~, (~) = 1 of part (ii) of (1) shows that the graph for n contains the graph 
obtained from the graph for n - 1 by adding a new vertex in the middle of each edge. 
This is brought out in Figure 1 by choosing the lexicographically greatest (or least) 
member of each orbit of minimal members to switch. In the case n = 6, this also helps 
to avoid the appearance of many representatives of each isomorphism class of maximal 
intersecting families. As noted, only two isomorphism classes are represented twice. It 
also leads to many parallelograms due to the device of representing switches of the 
same pair of sets by parallel edges and the commutativity of switches notes in (2) 
above. 
Note that the combinatorial explosion in the number of maximal intersecting families 
limits this approach. There are over 800 000 isomorphism types of maximal intersecting 
families when n = 8. We cannot use switching to visit the entire graph of maximal 
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intersecting families of  an n-set. However,  we can attempt o construct a family with 
desired properties (such as regularity) by starting with a more easily constructed family 
and modifying it by switching. In Sections 5 and 6 we answer two open questions about 
regular maximal intersecting families by starting with appropriate families which are 
'almost regular' in that only two distinct degrees arise and then using switching to 
obtain regular families. 
4. THRESHOLD FUNCTIONS 
Given a non-negative weight function to:X--~R + O{0}, define to (A)=Eo~A (a). 
Then, if to(A) is never exactly to(X)/2, the family ~ consisting of  all subsets A with 
to (A)>to(X) /2  is an intersecting family ( to (A)+ to (B)>z(X  ) can not happen if 
A N B = 0)  and hence, by Lemma 2.3, 2Tis a maximal intersecting family. Then to(.) is 
called a threshold function for ~. Standard arguments show that any maximal 
intersecting family with a threshold function has one which takes only rational (or 
further, integral) values. Integral threshold functions for each family for n = 6 which 
has one are given in Table 1. This gives fin easy check that each of these does represent 
a maximal intersecting family, and helps to identify the automorphism groups. 
The functions given are natural in a certain sense sketched here. Each subset of X 
can be identified with a corner of the standard hypercube of side one in n-dimensional 
euclidean space. The comers  corresponding to the members of an intersecting (or any 
TABLE 1 
Family a b c d e f Threshold 
A 1 1 
B 4 1 1 1 1 1 5 
C 3 1 1 1 1 4 
D 5 2 2 2 1 1 7 
E1 4 2 2 1 1 1 6 
E2 2 1 1 1 3 
F1 3 2 1 1 1 1 5 
F2 5 3 3 2 1 1 8 
G1 2 1 1 1 1 1 4 
G2 4 3 2 2 1 1 7 
G3 3 2 2 1 1 5 
H1 3 2 2 2 1 1 6 
H2 None 
H3 5 4 3 2 2 1 9 
H4 4 3 3 1 1 1 7 
I1 None 
12 4 3 3 2 2 1 8 
I3 None 
14 2 2 1 1 1 4 
15 3 3 2 1 1 1 6 
I6 1 1 1 2 
J1 None 
J2 None 
J3 3 3 2 2 2 1 7 
J4 2 2 2 1 1 1 5 
K1 None 
K2 None 
K3 1 1 1 1 1 3 
K4 None 
L None 
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other) family determine a convex polytope (possibly of affine dimension less than n) 
which is also determined by the supporting hyperplanes of its faces. A maximal 
intersecting family has a threshold function if all its supporting hyperplanes but one are 
also supporting hyperplanes of the hypereube. The weights given are the components 
of the direction vector of the exceptional supporting hyperplane. Blank entries 
correspond to 0. As will be seen, not every maximal intersecting family has a threshold 
function in case n >16, although up to n = 5 there are no exceptions. The use of 
multiple threshold functions and the relation to switching remains to be investigated. 
This also gives threshold functions for all maximal intersecting families with n ~< 5. 
5. MAXIMAL INTERSECTING FAMILIES OF ORDER 2 a 
It is known [1] that there is no transitive maximal intersecting family of subsets of an 
n-set for n a power of two, and that there are no regular maximal intersecting families 
for n = 2, 4 and 8. The authors of that paper ask about higher powers of two. 
THEOREM 5. For n = 2", a >>- 4, there is a regular intersecting family of  cardinality 
2 n-1. 
PROOF. Let n =2m, X={x l  . . . .  ,x,}, Y={x l , . . .  ,x,-1} and let G be an order 
n - 1 cyclic group of permutations of Y. For k with (k, n - 1) = 1, all the G-orbits of 
size k subsets of Y have n - 1 members. We first give the steps of the construction and 
then justify them: 
( i )  Let ~:m-1 consist of the union of a orbits of size m - 1 subsets of Y such that the 
resulting a(n - 1) sets have non-empty pairwise intersections. 
(ii) Let ~:m consist of/3 orbits of size m subsets of Y such that for each A E ~,,,-1, all 
size m subsets of Y containing A and none disjoint from it are in ~:m. From ~,~ by 
adding to ~,,, the complements (in X) of all size m subsets of Y not already chosen. 
Thus for each A e ~:m-1, no size m sets disjoint from A and all containing it are in ~,,,. 
(iii) Form ~: by adding to ~rm_l tJ ~m all subsets of X of size at least m + 1 except he 
a(n - 1) size m + 1 complements of those in ~m-1. 
If a and /3 are such that steps (i)-(ii) can be carried out, then ~ will have one of 
each pair of complementary subsets of X and I~  = 2 n-l. Furthermore, no two sets in ~: 
will be disjoint. We will now see how to pick ot and/3 so that the family is regular. It is 
already 'almost regular' in that only x, may have degree different from that of the other 
x~. 
Clearly, G _~ AUT(~') so each element of Y is in the same number of members of ~. 
Let dk(x) be the number of size k members of ~r containing x e X. Then 
(n am(X ) = n 
m - 1 - /3 (n  - I) and  dm+1(Xn)  = - a (n  - I). 
m 
Also, for y E Y, 
dm-l(y)  = a(m - 1), din(y) =/3m + (m - 1)d,,(xn)/(n - 1), 
dm+l(y)= (n -2 )  + m'dm+l(Xn)/(n - 1). 
m 
Since ~: contains all sets of size larger than m + 1, it will be regular exactly if the sum 
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of the above two values for xn equals the sum of the three for y. Simplifying, this 
condition is 
2m-2  
(n - 2)a + n/3 = ( m _ l ). 
This can be solved with a < n, in fact the exact power of 2 dividing (~) is the number of 
carries from adding (j - k) + k in base 2 [7, 10], so we may take a = n/4 and 
n/3 = ( (2m - 2~ - n(n - 2)/4) 
\ \m-1  / 
with/3 an integer. 
If step (i) can be carried out, then the sets which must be in ~,~ make up at most 
ma = m2/2 G-orbits. Those that are forbidden to be used make up a G-orbits. 
The total number of orbits is 
m \m - 1 / (m - 1)(m -2 ) .  • -2 -1  " 
As m I> 8, there is no difficulty in choosing/3 of these orbits subject to including some 
m2/2 and avoiding m/2 others. 
Similarly, the number of G-orbits of size m - 1 sets of Y is (~-~) .  The size m - 1 
sets of Y disjoint from at least one set in any given orbit make up m (or less) orbits. 
The sets disjoint from a p place cyclic shift of themselves (modulo n - 1) number n - 1 
or 0 according as p is coprime to n - 1 or not, and constitute a G-orbit in the first case. 
So, after ruling out fewer than n - 1 orbits, every remaining orbit consists of pairwise 
intersecting sets, and we can easily choose m/2 orbits while avoiding any pair of 
disjoint sets. This completes the proof. [] 
Note that this example shows that equality need not hold in inequality (ii) of 
Proposition 2.7 in [1]. 
6. MAXIMAL INTERSECTING FAMILIES WITH SMALL MEMBERS 
In [1] it is shown that if ~;is a maximal intersecting family on X which has a member 
of size a, then n ~< a 2 if ~ is transitive and 
n ~< (2" - 1) 2 F 1 
7[ 
if ~ is regular. The proof is non-constructive. We give a construction for a family with 
n about half this bound and show that it is within 7 of best possible. 
LEMMA 6.1. Suppose that ~ is a maximal intersecting family on X and A E ~ Let 
B = X \A ,  IAI = a, IBI = b + 1, and let the average degrees of  points in A and B be t~ and 
fl respectively. Then a/>2 b + 2 °+b-1 and 
Furthermore, the bound on /3 is achieved with equality exactly if ~; is formed by 
choosing from each complementary pair the one (if any) which contains A and otherwise 
(the) one with largest size intersection with B. In this case the bound for a is also 
achieved with equality. 
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PROOF. For S completely contained in either A or B, let f (S)  be the number of 
members of ~: the intersection of which with A or B is S (this is ambiguous for S = 0,  
but the context will be clear). Then as = ~s=_A ISIf(S)= ~%=a (%)kA, where 3~ is the 
average value off(S) over the size k subsets of A. If S = T_=A with ISI--k = ITI -  1, 
then f (S )~f (T ) .  Summing over all such pairs S, T shows that A ~<fk+l. Clearly," 
f(A) =fo must be IBI = 2 b+x and fk +fo-k = 2 b+l for 1 <~ k <a. Thus the sum for as is 
minimized by taking )~ through fo-1 to all be equal to each other and thus to 2 b, 
yielding the stated lower bound on s. Similarly, (b + 1)/3 =~,s=_slSIf(S)~Y.~+ffi~ 
(b ~1)k3~, where now fk is the average value of f (S)  over the size k subsets of B. For all 
k, fk I> 1 since A t.J S is in ~ Also A + fb-k = 2 °. Clearly, the sum for b/3 is maximized 
by taking A = 1, 2 °-1 or 2 ° - 1 according as k is <, = or > (b + 1)/2. This gives the 
desired upper bound on /3. The construction above is easily seen to be the only one 
which achieves the bound for/3 and is also seen to achieve the bound for s. [] 
LEMMA 6.2. Let m(a) be the largest value of  m with (2 °-1 - 1) >2~"/(~).  Then 
(a) m(3) = 2, m(4) = 15, m(5) = 71, m(6) = 305, m(7) = 1263, m(8) = 5133 and m(9) = 
20 697; 
(b) [(2"-~---1)2 45 7r(2 "-1-~.~ 1)-2]~ < m(a) - [ I  (2"-1- 1)2~r- ~J; 
I 
(c) for a >~4 and both m =m(a)  and m =re(a) - 1, (~)  is a multiple of  8. 
PROOF. (a) This results from high-precision integer calculations using 
MATHEMATICA TM. It also follows from (b). 
(b) This follows from [2], where it is shown that 
~fztrn(4m +1~ < 2~ ~/  4m 
k 4m / (2mm)< n'rn(~m-i-1)" 
(c) As noted above, the exact power of two dividing (~)  is the number of l's in the 
binary expansion of m. For a >9, part (b) shows that this expansion begins 
10010001 . . . .  For 4 <~ a ~< 9, use part (a). [] 
THEOREM 6. Let m(a) be as above. Then, for a >I 4 and n = a + 2m with m = m(a), 
or perhaps m(a) -  1, there is a regular maximal intersecting family of  size 2 n-1 with a 
member of  size a. This value of  n is within 7 of best possible. 
PROOF. It follows from Lemma 5.1 that for a, b, s and/3 as in the lemma, s >/3 if 
b b 
(2 °-I- 1)<2 /([b/2J)" 
Note that the right-hand side takes the same value for b and b + 1 when b is odd. Thus 
the choice b = 2'm(a) (so that [BI -- 2'm(a) + 1) is the largest possible for a family with 
s <~/3. The construction used here needs IBI to be even so we attempt o take 
b = 2'm(a) - 1. This will suffice unless the two sides of the inequality above are close in 
value. We start with the family ~:* above and show how transform it to a regular 
family. We give the construction first and then justify it. 
Let X=At . JB ,  where A={Xl , . . .  ,xo} and B ={y l , . . . ,  Yz,,,}. Also, let 0//= ~c  
consist, respectively, of 4u, 4v and (~) /2  size m subsets of B with no two disjoint and 
every y e B in exactly half the members of each of q/, ~ and ~. Let ~:* consist of all 
500 A. Meyerowitz 
the sets S t_J T with S c A, T _~ B and either S = A or else 0 < IS[ < a and [TI > m or 
T e ~.  Form F from ~*  by replacing by their complements all sets of the form V U {xi} 
and U U {xl, xi+l} for U E q/, V E ~ and 1 ~< i ~< a (where x,+l means Xl). 
If these steps can be carried out, then .~ will have one of each pair of complementary  
subsets of X, so 1,~ = 2 2"÷"-1. Also, no two sets in ~:will be disjoint. For  x a A, 
d(x) = 22" + 2"-12 2"-1 + 4u(a - 4) + 4v(a - 2). 
Also, for y e B, 
d(y)  = 22" -1+ (2" -  2)(22"_2+- (2m 1')//2~ 
m-l /~ 1' 
The two expressions will be equal exactly if 
u(a - 4) + v(a - 2) = ((2"-l -1 ) (22)  - 22" ) /4 .  (*) 
For a solution in integers 0 ~< u ~< v, it is sufficient that the f ight-hand side be an integer 
greater than 2a 2 and even if a is. In case m = re(a), we have 
2"+2 /2m + 2\ 
(2" -1 -1 )<2 ]~m+l) '  
so that the f ight-hand side of (*) is less than 22"-2/(2m + 1), and we may solve for u 
and v with 
22"-2 22"-3 
4v < < 
(2m + 1)(a - 2) m 
as long as the f ight-hand side of (*) (which is surely positive and even) also exceeds 
2a 2. In the highly unlikely event that it does not do so, a similar calculation shows that 
we may take m = m (aq_)___- 1 and solve (*) with 4v < 22m+l/m. In either case, since (~)  is 
approximately 22"/VmTr, the following construction will yield ~.. 
Let G be a cyclic group of order 2m - 1 acting on B' = {y~ . . . .  , Y2"-1}. It separates 
the size m sets of B into orbits, each of cardinality 2m - 1. The complements  of the sets 
in any orbit are another  orbit, one orbit including y2" in all 2m - 1 of its members  and 
the other in none. To obtain 'W, take all orbits of the second type and replace by their 
complements the sets in 1/2 of these orbits. 
To aid in constructing q /and  gr, begin the construction of ~¢" by choosing 8 size m 
sets of B, Sq, i = 1, 2, 0 ~<j ~< 3, so that no two are disjont or f rom the same G-orbit  and 
so that Sio, Sil, Si2 and S~3 together use each element of B twice for i = 1, 2. The same 
will then hold for any of the 2'(2m - 1) units S,~o, S,~1, S,~2 and S,~3 for g in G. To form 0-//, 
let u = q(2m - 1) + r with 0 ~< r < 2m - 1, pick r units of 4 sets as above and add them 
to the union of 4q orbits f rom ~.  oF is similarly formed by adding the sets in several 
more orbits along with an appropriate number  of further units of 4 sets. [] 
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